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The operator notation previously developed to analyze vibrations of continuous systems
has been further generalized to model a system with an arbitrary number of coupled
differential equations. Linear parts of the equations are expressed with an arbitrary linear
differential and/or integral operators, and non-linear parts are expressed with arbitrary
quadratic and cubic operators. Equations of motion are solved in their general form using
the method of multiple scales, a perturbation technique. The case of primary resonances of
the external excitation and one-to-one internal resonances between the natural frequencies
of the equations is considered. The algorithm developed is applied to a non-linear cable
vibration problem having small sag-to-span ratios.
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1. INTRODUCTION

A new operator notation suitable for perturbative calculations has been developed to
analyze, in a general sense, vibrations of continuous systems by Pakdemirli [1]. One-mode
approximation of a continuous system with arbitrary quadratic and cubic non-linearities
was considered in that analysis. Infinite mode analysis of the same system was later
performed by Pakdemirli and Boyaci [2]. Using the same model of differential equation,
Pakdemirli and Boyaci [3] treated the subharmonic, superharmonic and combination
resonances cases in detail. A model of a coupled partial differential system with arbitrary
quadratic and cubic non-linearities was solved later [4]. Two different versions of the
method of multiple scales were compared using general models, one with an arbitrary cubic
operator and the other with arbitrary quadratic and cubic operators [5]. Using the same
concept of operator notation, arbitrary odd-non-linearity models were also considered
[6, 71.

In this study, the previous work is generalized to a system of an arbitrary number of
coupled partial differential equations. The dimensionless equations of motion are

Wn + ﬁnwn + L,,(W,,) + Qnmp(wm7 Wp) + Cnmpq(wma Wpa Wq) = 5nlﬁ;l COSQ[: (1)

where n is the free index withn = 1, 2,..., N, N being the number of equations. Summation
is carried out over all other indices m, p and g from 1 to N. ¢ denotes the usual Kronecker
delta function. f, are the viscous damping coefficients. The linear parts of the equations are
expressed by operator L, and are uncoupled. The quadratic and cubic non-linearities are
expressed by an arbitrary spatial differential and/or integral operators by Q,,, and
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C,umpq Tespectively. In a system of N equations, there are at most N* quadratic and N* cubic
operators. The external excitation is assumed to be applied to the first equation only. F,and
Q are the external excitation amplitude and frequency respectively. The quadratic and cubic
operators possess the property of being multilinear so that

Q(eywy + cawy, 3wz + cawy) = ¢1c3Q(Wy, wi) + ¢1c4Q (W, wy)
+ c2¢3Q(Wa, w3) + €2c4Q(W, Wy), ()]
{in general Q(W1> WZ) ;é Q(W2> Wl)}a

where ¢; are the arbitrary constants or time-varying coefficients. This property is essential in
perturbative calculations and reflects well the properties of the original quadratic and cubic
non-linearities.

It is assumed that the boundary conditions for equation (1) are linear, homogenous and
free from time derivatives; that is

B;(w,) =0 atx=0, B,(w,) =0 atx=1, 3)

where B, and B, are the arbitrary spatial linear operators.

Any continuous system having viscous damping and external excitation modelled with
an arbitrary number of partial differential equations having non-linearities of a quadratic
and cubic type can be represented by the general format given by equations (1) and (3). The
model excludes visco-elastic effects, non-linear inertial effects and gyroscopic effects.
Non-linear boundary conditions and multi-frequency excitations are also excluded.

2. A GENERAL APPROXIMATE SOLUTION

Equations (1) and (3) can be solved in its general form by applying the method of multiple
scales [8, 9] directly to the differential equation system. The case of primary resonances of
the external excitation and one-to-one internal resonances between the natural frequencies
of the equations will be considered. Other types of internal resonances can be considered in
a similar way. Assume approximate expansions of the form

Wn(xs L é') = 8"vnl(xa TOa T2) + SZWnZ(xa TOa T2) + 82Wn3(xs TO; T2) + (4)

where ¢ is the small dimensionless measure of the deflections w,, T, = ¢ the usual fast time
scale and T, = &%t the slow time scale. The later analysis shows that there is no T; = &t
dependence, hence it is omitted from the beginning. Assuming a weakly non-linear system,
damping and excitation coefficients are ordered so that their effects balance the cubic
non-linearities [9]

A

fin =&y,  F,=¢F, Q)
In terms of the new time variables, the derivatives become

d/dt = DO =+ 82D2, dz/dt2 = D% =+ 282D0D2, (6)
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where D, = 0/0T,. Substituting equations (4)—(6) into equations (1) and separating at each
order of &, finally gives

O(e): Dgwy; + Ly(w,y) =0,
Bi(w,;)=0 atx=0, B,(w,1) =0 atx=1. (7)
0(e*): Dgwaz + Lu(Wi2) = — Quup(Win1» Wp1),
Bi(w,,) =0 atx=0, B,(w,,) =0 atx=1. (8)
0(83)3 D<2)Wn3 + L,(Wu3) = — 2DoDow, — p,Dow, — Qnmp(wm1> Wp2) — Qnmp(wm27 Wp1)
— CompgWi1, Wp1, Wy1) + 0,1 F,cos QTp,
B/(w,3) =0 atx=0, B,(w,3) =0 atx=1. )
At order ¢, the solutions are
Wt = (A,(T5)ed + cc)Y,(x), n=12..,N, (10)

where c.c. stands for the complex conjugate of the preceding terms and Y,(x) satisfy the
following equations:

L,Y,) —wY,=0, n=1,2,...,N,

B,(Y,)=0 atx=0, B,(Y,)=0 atx=1, (11)
where w, are the eigenvalues and Y, are the corresponding eigenfunctions. It is well known
[8, 9] that when there is damping in the system, the modes that are not excited through the
external frequency or through internal resonances decay in time. In the system considered, it
is assumed that one of the natural frequencies of the first equation is excited through
external excitation (primary resonance case is considered) and the energy of that mode is
transferred to other modes of the remaining equations through internal resonances in such
a way that one mode is activated through internal resonances in each equation.

Substituting solutions (10) at order ¢ to the right-hand side of the equations at order &2,
gives solutions of the form

Wiz = (A A, o0 4 C.0)Epp(X) + (A A, @n™ P + C.C) 1 ump (), (12)
where functions &,,,,(x) and #,,,,(x) satisfy
Ly (&ump) = (@ + @) Emp = = Qunp(Ys V), mom,p=1,2,...,N,
Bi(&ump) =0 atx =0, By(éump) =0 atx =1, (13)
L, (ump) = (@ = @) Namp = = Qunp(Yons Yp), mom,p=1,2,...,N,

Bi(ump) =0 at x =0, B:(ump) =0 atx =1 (14)
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There are N3 equations in each line above. For solutions (12), summation should be carried
out over indices m and p.

At order &3, it is assumed that the external excitation frequency is close to the natural
frequency of the first equation and all natural frequencies of other equations are excited
through one-to-one internal resonances; that is

Q=w, + &p, w, = w; +&%a, (o, =0), (15, 16)
where p and g, are detuning parameters of O(1). Since the homogenous parts of equations
(9) have non-trivial solutions, the inhomogenous equations (9) have a solution only if
a solvability condition is satisfied [8]. To find this condition, their solution is expressed in
the form

Wy3 = (pn(xa TZ)eiwnR + ml(xa TO: TZ) + C.C, (17)
where ¢, represent the secular and small-divisor solutions and W, represent non-secular
solutions without small-divisor terms. Substituting the solutions at order ¢ and &? and
equations (15)-(17) into equation (9), finally gives

Ln((pn) - wnz(Pn = - iwn(zDZAn + :unAn) Yn - /TmArAqei(ay-Faq_dm_a")Tz[Qnmp(Yma éprq)
+ anm(épqra Ym) + Cnmrq(Yms Yra Yq) + anp(qu nprm) + anq(npmra }Iq)
+ qurm(llqy Y;a Ym) + Qnrp(Y;a npmq) + anr(rlpqm: Y;')
+ Cnrmq(Yra Yma Yq)] + (1/2)5n1Fnei(p_an)Tz' (18)

Assuming that the linear operators L, with the associated boundary conditions are
self-adjoint, the solvability conditions for equations (18) are

iwn(ZDZAn + :unAn) + O(nmrq‘Imléerqei(a‘r-Hrq_O'm_a-n)T2 - (1/2)5n1 fnei(p_”n)T2 = Oa (19)

where
1
‘“nmrq = J Yn[Qnmp(Yma iprq) + anm(épqra Ym) + anp(an '/Iprm) + anq(’/’pmr: Yq)
0

+ Qnrp(Y;: npmq) + anr(”pqma Y;) + Cnmrq(Yma K) Yq) + qurm(Y;p Y;., Ym)

+ Cnrmq(Ka Yms Yq)] dx> (20)

1
fo= | whax &)
0
Representing the solutions in this general form makes it convenient to see explicitly the
contributions of each operator to the coefficients. [§ Y7 dx = 1 normalizations are used in
arriving at equation (19) which determines modulations of the complex amplitudes A4, (7).
Once the spatial solutions Y,, &,,, and #,,,, are known either analytically or numerically,
the coefficients o,,,, can be calculated numerically for specific operators.
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Expressing the complex amplitudes in the polar form
Au(Tz) = (1/2)a,(T,)e ™ (22)

and substituting into equation (19), finally gives the amplitude and phase modulation
equations

CO,,a;, = - %.unwnan - é“nmrq amaraq Sin(yn + Ym — Ve — Vq) + %5n1fn Sin Vns (23)
anwny; = anwn(p - Gn) - %anmrqamaraq COS(Vn + Vm — Ve — yq) + %5n1fn COS Yy, (24)

where
Vn = (p - Gn)TZ - ﬁw (25)

The final approximate solutions for the problem are
W,,(X, t) = éay, COS(Qt - yn) Yn(x) + %Szamap [COS(2Q[ — Vm — yp)énmp(x)
+ COS(’Vp - A))m)”nmp(x)] + 0(83), (26)

where summation should be carried out over the indices m and p. The real amplitudes
a, and phases y, in equations (26) are governed by equations (23) and (24). This general
solution algorithm will be applied to a specific problem in the next section.

3. APPLICATION TO A CABLE VIBRATION PROBLEM

In this section, the formalism derived in the previous section will be applied to
a non-linear cable vibration problem with small sag-to-span ratios. Following the previous
analysis, primary resonances of the external excitation and one-to-one internal resonances
between the natural frequencies of the in-plane and out-of-plane vibrations will be
investigated. The equations of motion first derived by Lee and Perkins [10] are

2
v -~ .. A . ” .. n .
[v7 + v7g(t)Iw} + ?;g(t) + F(x)cos Qt =Wy + fi1 Wy, [07 + v7g(t)Iws = Wy + fixWs,
t
(27)

1 1 1_, ,
g(t):f {—Uzwl +§[W12 + w5 }dX, wi,2(0,1) = wy 5(1,1) =0,
0 t

where x is the dimensionless arclength co-ordinate and prime denotes differentiation with
respect to x. The constants v, and v, are the dimensionless propagation speeds of transverse
and longitutional waves respectively. w; is the in-plane and w, is the out-of-plane
displacement.
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The operators in equations (1) take the following form for this specific example:

2 pt
v
2..n 1
Li(wy) = —viwi +U4f widx,  Ly(wz) = —uviws,
t JO
2 1
_ (4] " d 1
Q111(W17W1)——2 w1 wpdx — 2
Uy 0 2 Jo
2 p1 2 1
U; /2 U; ”
Qi22(Wp, wy) = — 202 J ws dx, Q221(Wy, wy) = > Wi wy dx,
Uy Jo Uy 0
2 r1
C _ Uy ” /2d 28
1111(W1,W1,W1)——3W1 wi dx, (28)
JO
P [
" 2
Ciiaa(Wi, wa, wy) = — ? 1 wh dx,
JO
Ulz r1
" 2
C2211(W2yW1,W1)=—E 2 wi dx,
Jo
2 r1
C _ ur ., /Zd
2222(Wa2, Wa, wp) = — DINE wy dx,
Jo

Qii2wi, wa) = Qua1(wa, wi) = Qa1 1(Wr, wi) = Qa12(Wi, wa) = Qa22(Wa, wy) =0,

CiinaWi, wi, wy) = Criag(wi, wa, wi) = Crag1(Wa, wi, wi) = Crapa(wa, wi, wy) =0,

Cia21(Wa, wa, wi) = Ciazp(Wa, Wa, wa) = Copq1(wy, wi, wi) = Cayqa(wy, we, wy) =0,

Coia1Wi, wa, wi) = Caaa(Wi, wa, o) = Conpa(Wa, wi, wy) = Canpq(Wy, wy, wy) = 0.

Assuming expansions (4) for the displacements, solutions (10) are obtained for the linear
problem, where eigenfunctions Y,(x) satisfy equations (11), or substituting the specific forms

of the linear operators from equation (28) gives

Y+ ol —
U

2 2
Uy /Z/+w2}/'2:0,

Y;dx =0,

Y1,2(0) = YI.Z(O) =0.

(29)

(30, 31)

Equation (29) with boundary conditions possesses two types of solutions, namely the
symmetric and the antisymmetric in-plane solutions with respect to the mid-span of the
cable. The symmetric in-plane solution is

Y (x) = C{l — tan <w1> sin <w
v, v

)l

(32)
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where w, satisfies the equation
o} o, <a)

S —— + 2tan 2—1>=0. (33)

U Uy Ut

Constant C should be chosen such that [} Y7 dx = 1. The antisymmetric in-plane solution is

Yl(x):\/zsin<%x>, O okm, k=1,2,3,... . (34)
t

Uy

The symmetric in-plane solution can account for stretching of the cable whereas the
anti-symmetric solution corresponds to the zero stretching case [10].
The out-of-plane solution is

Yz(x)zﬁsin<a;2x>, D k=1,2,3,.... (35)

t
The next step is to find solutions at order 2. Equations (12) are the solutions at this order

where ¢,,,(X) and n,,,,(x) satisfy equations (13) and (14) or using the specific forms of the
operators,

2 zn Ulz [ 2 Ulz 1 ! 12 " !
Uy 111—F éllldx+4a)1é111:7 -3 Yidx + Y] Y dx ),
t

Jo Uy 2 Jo 0
v? (!
2 zn 2
Uy C112 — 2 Ei12dx + (01 + 02)%E14, =0,
Uy JO
v? (!
2 gzn 2
Uy C121 — 2 Ei21dx + (01 + 03)%E121 =0,
Uy JO
2 pr1 2 1
v v
2 en 1 2 1 12
0 &1 — 7 | Ciaadx +4w3é5, = T 5,2 2[ Y75 dx,
Uy Jo Ut Jo

2 Ulz [ UZZ 1 ! 2 !
Utnlllll_F 7]111dX=U2<—2J Y7 dX-I-Y{J Yldx>,
r Jo : 0 0

r1

" U
; Ni12dx + (@01 — ©2)*n112 =0,
0

i
Uy N112 — 3
vy

2 r1
v
2. n 1 2 —
UrN121 — 3 Hi21dx + (0, — @1)* 121 =0,
Ut JO
2 pr1 2 1
v v
2.1 1 _ 1 2
Uy Ni22 — '7122dx___2 ZJ Y5 dx,
Ur Jo Ut Jo

V75 + 4wilsy =0, U752 4 (01 + 05)*E21, =0, (36)
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2 1
U
V7 Eha1 + (0 + 1) Eany = ) Y5 J Y; dx,
' 0

2 zn 2 _ 2. _ 2. 2 _
U E222 + 43855, =0, U311 =0, U212 + (01 — @3)° 0212 =0,

2 1
v
2.1 2 _u 4 2.1 _
Uy 3221 + (@2 — @1) 21 = v Y3 J Y dx, Uy 0322 =0,
i 0

énmp(o) = énmp(l) = nnmp(o) = nnmp(l) =0.

Solving the above set of equations,

2 1 2 1
$111 = <U_12J Y¢dx — C2wT> {U—Z <1 _ tan <&>> — 4w%}
207 Jo U; w1 v,
2 2 1
X {1 — tan <&> sin ( O x> — cos < @1 x>} — = CowtY;(x),
Uy Uy U 3

¢ w3v? cos 2w, !
= X | — s
22 2403t — o7) v,

1

1
- - 6c2 44_322 Y/Zd 2 C ZY ,
111 1268 _H)f{ w1y, ] L 1 X} (x* = x) + Co1Yi(x)

3 2.2 2C 2. .2
wZUZ ( 2 x)’ 6221 — M sin <% x> , (37)

=——~ " (x =
M2z 1208 + v} w3 — (0, + 0,)?

ﬁCw%w% . [,
N2t =—% S| —Xx|,

w3 — (w4 —602)2 Uy
2 =811 =M112 = N121 = Eo11 = Ea12 = 222 = N211 = Na212 = 222 = 0.

At order &, the solvability conditions given in equations (19) are obtained, where the tu,
coeflicients are defined in equations (20). Substituting the specific form of the operators into
equations (20), gives the coefficients

2 3
1111 = — {% (bybe + 2b1bg + 2b3bg + 4bibg) — 3 U,Zbé},
t
vt 1,
Oy1122 = — F(b4b6 +2b1byo + biby3) — 5 vibsbs ¢,
t

v (1 1 1
%1212 = — {U} <2 biby, + §b1b13 + bsbe + 2b1b11> ) Uzzbab7},
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2 1
1221 = Ul2< b b12 + b b6 + 2b bll + b b13> Ulzb6b7},
t
vt 1,
U2112 = —2(b1b12 + biby3 + b3by) — 5 vibehs ¢, (38)
l

vt 1, vt 1,
02121 = — —2(b3b7) — = vibgbs ¢, Oz211 = — —2(b2b7 + biby3) — s vibehb; ¢,
v 2 v 2

v} 3.,
%2222 = — F(b4b7 + 2bsb;) — 3 v b3 ¢,
t

O1112 = Og121 = Ol1211 = %1222 = Oa111 = 2122 = %2212 = U221 = 0,

where

1 1 1
blzj‘ Y; dx, bzzf &i11dx, bszj N111dx,
0 0

0

1 1 1
by = J Eia2dx, bs = J N122dx, be = J Y/12 dx
0 0 0

1 1 1 1
b7=J Y/zde, bszj Y1&111dx, b9=J Y/1'7/111dx, blOZJ Y1&12,dx,
0

0 0 0

1 1 1
by = f Yinies dx, bn:J Y5, dx, b13=J Yobardx.  (39)
0 0 0

From equations (26), and substituting the specific forms, the approximate solutions are
found to be

wi(x, I)—8a1COS(Ql—V1)Yl(X)+ {‘11[005( (Qt —y1)&111(x) + 1111 (x)]

+ a3[cos(2(2t — 73))E122(%) + n122(x)]} + O(?), (40)
W (X, 1) = e, cos(Qt — 7,) Ya(x) +2 {a1a2 [cos(2Qt — y1 — y2) €221 (x)

+ cos(y1 — 72)n221(0)]} + O(&®), (41)
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where the amplitudes and phases are governed by equations (23) and (24). Substituting the
specific forms, the amplitude and phase modulation equations take the following form:

dy = — 5 fay — o 011220103 8In2(y; — 72)) + = S Yy,
P 8601 2u)1
, 1 1 2 o
ay = — 5 Ualy — o 0211a1A28IN(2(y2 — 74)), (42)
2 8w,
, 1 5 1 2
Yi=p———0111101 — —(051212 + a1221)a2
8(1)1 8(01
1 J
_— 051122(1% COS(2(”/1 - yl)) + ! COS '))1,
8601 26110)1
) 1 2 1 2 ! 3
Va=p — 03 — o (%2112 + 02121)a1 — g 0221107 COS(2(y2 — 1)) — o U222205 -
8602 8602 8(02

With the proper transformations, the results presented here are fully compatible with those
given in references [4, 11]. Reference [11] includes a detailed stability and bifurcation
analysis of the amplitude and phase modulation equations.

4. CONCLUDING REMARKS

The operator notation previously developed to treat vibration problems in a general
sense has been generalized to express a system of N coupled differential equations.
The model is a generalization of many vibration problems in continuous systems.
Approximate solutions of the model are presented in a general form so that an algorithm
can be constructed for solutions of a wide range of specific problems. As an illustration, the
algorithm is used to solve a non-linear cable vibration problem.

In this study only the arbitrary linear and homogenous boundary conditions are
considered. Non-linear boundary conditions can be added as a next step. Different internal
resonance cases other than one-to-one can be considered in a similar way. Numerical
solutions can be sought when it is hard to find explicitly the functions appearing at the first
and second orders of approximation. This will not involve any problem at the last level of
approximation, since the coefficients of the modulation equations are presented in a suitable
way to allow further numerical calculations.
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